







This study investigated secondary school mathematics teachers’ beliefs about knowledge of teaching and its impact on their teaching practices. Two teachers participated in the study. Data were collected through an interview and classroom observations. The results indicated that the teachers’ beliefs about the goal of mathematics education and beliefs about the importance of teachers’ understanding the way students think about certain mathematics subjects had impact on their teaching practices. However, the teachers’ teaching practices were also affected by the students.
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ıntroductıon 
A growing body of documents suggest that teachers play a crucial role in student learning (e.g., American Council on Education, 1999; Mewborn, 2003) and their knowledge matters (e.g., Ball, Lubienski, & Mewborn, 2001). What teachers should know and understand and their knowledge of learning processes therefore are the focus of interest for educators (e.g., An, Kulm, & Wu, 2004; Fennema & Franke; 1992; Even & Tirosh, 2002; Shulman, 1986). Discussions of teacher knowledge, however, cannot be strictly limited to objective knowledge and should also include teachers’ subjective knowledge (Liljedahl, 2008). In fact, “it is the teacher's subjective school related knowledge that determines for the most part what happens in the classroom.” (Chapman, 2002, p. 177). Beliefs are accepted as one of the central aspects of subjective knowledge (Op't Eynde, De Corte, & Verschaffel, 2002) and defined as anything that an individual accepts as true (Beswick, 2007).
Teachers hold different types of beliefs each that may influence their teaching, including beliefs about mathematics, beliefs about the teaching and learning of mathematics, beliefs about students, etc. (Liljedahl & Oesterle, 2014). Although, for instance, teachers’ beliefs about teaching and learning mathematics and their relationship to practice (e.g., Barkatsas & Malone, 2005), and teachers’ beliefs about the source and stability of teaching knowledge (Buehl & Fives, 2009) have been discussed in research, much remains unknown about teachers’ beliefs about teacher knowledge. This study researched secondary school mathematics teachers’ beliefs about teacher knowledge and the impact on their beliefs on their teaching practices. The study focused on the teachers’ beliefs about knowledge of teaching, a common denominator of teacher knowledge conceptualizations (Charalambous, 2015).
Philipp (2007) defines beliefs as “psychologically held understandings, premises, or propositions about the world that are thought to be true.” (p. 259). The study adapted this definition by replacing “the world” with “knowledge of teaching”. The following research questions guided the study: (1) What is the characteristics of teachers’ beliefs about knowledge of teaching? (2) How do teachers’ beliefs about knowledge of teaching and their teaching practices interrelate? The study is a part of a larger study exploring the interrelations between secondary school mathematics teachers’ mathematical knowledge for teaching and students’ learning outcomes. The participating teachers’ knowledge for teaching and its impact on students’ learning outcomes have been described elsewhere (Hatisaru & Erbas, 2017). 
RELATIONSHIP BETWEEN BELIEFS AND PRACTICE
Teachers’ beliefs lie “…at the very heart of teaching” (Kagan, 1992, p. 85) and play a critical role in their teaching practices (Aguirre & Speer, 1999). The relationship between teachers’ beliefs and their classroom practices, however, is complex and subtle (Beswick, 2005) and is open to debate. Some research have indicated inconsistencies between teachers’ beliefs and their practices (e.g., Raymond, 1997; Skott, 2001). The lack of consistency primary might be due to specific or social conditions of schooling (Ernest, 1989). A wealth of research, on the other hand, has indicated that beliefs held by teachers influence their teaching practices. Ernest (1989), for instance, suggests how a teacher’s views of the nature of mathematics provide a basis for his or her mental models of mathematics teaching. Thompson (1992) cites that “…no description of mathematics teaching and learning is adequate and complete unless it includes consideration of the beliefs and intentions of teachers and students (Fenstermacher, 1980).” (p. 142). Pajares (1992) examines the nature of belief structures as outlined by prominent researchers and offers a synthesis of findings about the nature of beliefs. Summing up the research on teachers’ beliefs, he states that “their [researchers’] findings suggest a strong relationship between teachers' educational beliefs and their planning, instructional decisions, and classroom practices,” (p. 326). Barkatsas and Malone (2005) state that “Mathematics teachers’ beliefs have an impact on their classroom practice, on the ways they perceive teaching, learning, and assessment,” (p. 71). Liljedahl (2008) underlines that mathematics teachers’ teaching practices are guided by what they believe to be true about mathematics and about the teaching and learning of mathematics. 
Wilkins (2008) investigates the relationship between 481 in-service elementary teachers’ mathematical content knowledge, attitudes toward mathematics, beliefs about the effectiveness of inquiry-based instruction, and use of inquiry-based practices. He finds that the teachers’ beliefs have the strongest effect on their practice. Watson and De Geest (2005) report on a project to improve attainment in mathematics among low-attaining secondary students. They implement an action research with ten teachers over two years and find that the teachers hold shared beliefs including that all students can learn mathematics and that mathematics is intrinsically interesting, and the teachers’ these beliefs guide their decisions and actions. Speer (2008) explores a teaching assistant’s beliefs, practices, and connections between them. Findings indicate that certain beliefs including beliefs about evidence of student understanding and about how learning happens are useful for investigating connections between beliefs and specific practices.
As cited above, researchers propose different categories of beliefs (e.g., Beswick, 2005; Ernest, 1989; Wilkins, 2008). An, Kulm, Wu, Ma, and Wang (2006) categorize teachers’ beliefs into four main aspects, “goals of education, primary focus on teaching mathematics, importance of teachers’ knowledge, and planning for instruction” (p.452). They state that these aspects relate to each other as following:
With a set of goals of teaching in mind, teacher understand their primary focuses in teaching, design and use various approaches in classrooms, and try to find an effective teaching method in their teaching in order to … help all students to learn successfully. To teach effectively at a continuous base, a teacher should enhance… knowledge of students’ thinking. Understanding students’ thinking can be achieved through many approaches. One of the approaches is to know students’ thinking through grading students’ homework, in which the teacher can fully assess students’ weaknesses and strengths and plan for further instruction according to students’ needs (pp. 452-453).   
Although many research indicate the impact of beliefs on teachers’ instructional practice, much is unknown about how beliefs influence teachers’ practice (Aguirre & Speer, 1999; Mansour, 2009; Speer, 2008). Accepting An et al.’s (2006) position, this study aimed to examine teachers’ beliefs about knowledge of teaching and its impact on their instructional practices. According to An et al. (2006), knowledge of teaching “consists of knowing students’ thinking, preparing instruction, and mastery of modes of delivering instruction.” (p. 147). The study therefore focused mainly on certain components of the above mentioned four aspects of teachers’ beliefs: beliefs about mathematics education, teacher knowledge, knowledge of students’ thinking, approaches to assigning and grading homework, and planning for instruction. (For all components, see An et al., 2006, p.453)
METHODOLOGY 
Teachers’ beliefs can be investigated through various approaches (Mosvold & Fauskanger, 2013). This study investigated teachers’ beliefs through interviews. Two mathematics teachers teaching in a technical and industrial vocational high school in Ankara, Turkey voluntarily participated in the study. The teachers were named as Fatma and Ali (pseudonyms). Ali held a bachelor’s degree in mathematics. For teaching profession, he got pedagogical formation for four months. He had 14 years’ experience in teaching mathematics. Fatma had a bachelor degree in mathematics education. She had 25 years’ experience in teaching mathematics. Both teachers did not have any professional development on mathematics education. Ali and Fatma were teaching a 9th grade secondary school mathematics course in which 33 and 26 students were enrolled, respectively. The students in both groups were low achievers in mathematics. 
Data Collection
An interview was conducted to obtain information concerning the participating teachers’ beliefs about knowledge of teaching. The interview was framed based on the four aspects of teachers’ beliefs addressed by An et al. (2006). The questions were adapted from An (2000). In questions 1 through 4, teachers’ beliefs about mathematics education; in questions 5 through 7, teachers’ beliefs about teacher knowledge; in questions 8 through 11, teachers’ beliefs about knowledge of students’ thinking; in questions 12 through 18, teachers’ beliefs about approaches assigning and grading homework; and in questions 20 through 23, teachers’ beliefs about planning for instruction, were addressed (see Table 1 in the Appendix).
In building a valid interview, the interview schedule was systematically piloted and modified. Experts in education and in mathematics education were consulted for item clarity. Piloting was carried out with three secondary mathematics teachers from three different technical and industrial vocational high schools with emphasis on the clearness of the questions asked, the quality of the answers given and the time needed to complete the interview. The interviews were held in the school after the teachers’ classes. It took them approximately one and half hours to complete the interview. 
Classroom observations were critical to identify the influence of teachers’ beliefs on teaching practices. A total of 18 classes were observed and audio taped in both teachers’ classrooms. During this time, the classes were studying Functions including Defining a Function, the Domain and Range of a Function, Types of Functions, Linear Functions, Inverse Functions, Basic Operations on Functions, Composition of Functions, and Reading Graph of a Function. Throughout the observation, the researcher kept fields notes describing classroom activities. Teachers’ interaction with students were also observed and noted.
Data Analysis
A constant comparative method of analysis was used (Glaser, 1965) to analyse the data. To answer the first research question, the interviews were transcribed. The responses of teachers were summarised according to the five components of teachers' beliefs that the study focused on. To answer the second research question, the data obtained from the classroom observations were analysed and compared and integrated with the interview data. The data obtained from the classroom observations were presented in Hatisaru and Erbas (2017). In the present study, the data obtained from the interviews were given. 
During the analysis and assessment of the data, participants were contacted face-to-face to confirm their responses on the interviews and observations. The participants were handed a summary of the research findings, and they were asked to give consent to it.
RESULTS
Beliefs about Mathematics Education  
Fatma believed that “the main goal of mathematics education should be to give students different perspectives and to enhance their critical thinking and questioning skills.” In this way, students would know one problem could be solved in several different ways. She thought that vocational high school students have difficulty even in doing the basic arithmetic calculations. One reason for this is that the mathematical content was given in the order of logic, sets, functions and numbers. Students, however, should first be taught numbers, and the aim of mathematics education in vocational high schools again should be “to help students develop different perspectives and gain thinking and questioning skills.” 
Ali stated that “the goal of mathematics education is to help students gain problem solving skills.” The problems that he mentioned, however, were doing numerical calculations or finding out how much change to get back while shopping in daily life. He thought that entering a profession is the priority for most vocational high school students. For this reason, a major objective of vocational high schools should be to teach the basic mathematical concepts and arithmetic operations. He contended that the mathematics curriculum of vocational schools should be different and should include topics such as equations and length measurements. For example, students studying electric and electronic technology need to learn the linear measures to calculate how long cable to lay at a place. For Ali, “to teach students many additional topics does not make much sense. This would be more difficult both for students and teachers.”
Beliefs about Teacher Knowledge 
Fatma thought that a mathematics teacher should have complete mastery of the field. This is important in “explaining the rationale of the mathematical rules.” However, to have good knowledge of mathematics is not enough for a teacher. A mathematics teacher should also “know how to teach mathematics.” S/he should continuously refresh his/her knowledge and teaching skills. When possible, a mathematics teacher should also know the practical rules about certain content. 
Ali thought that a mathematics teacher should have “a complete mastery of his/her field.” This is important in “dealing with questions students may ask in class.” However, there may be some subjects the teacher does not know very well or have forgotten. The teacher should be comfortable at such times. Looking at the subject would suffice to remember the subject. He also believed that a mathematics teacher should be able to “predict which aspects of a subject the students will find difficult or make mistakes at.” If the teacher can do so, s/he can spend more time on these issues in class. Moreover, “a good mathematics teacher should have a good mathematics book resource.” Otherwise, the students may believe that the teacher asks questions from one resource book and may want to obtain that book. He was also in the belief that a mathematics teacher should not behave as if s/he knows everything and can solve any question. There may be some subjects that the teacher does not really know or remember. When this is the case, the teacher should look natural and display a “let’s search this and do it together” kind of attitude.
Fatma believed that teachers can accomplish professional development through in-service training seminars. However, these seminars are mostly about education. Therefore, teachers can develop their mathematics knowledge through mathematics books. For Ali, the teacher can develop his or her mathematics knowledge by solving questions. The teacher’s knowledge of students’ level, however, will develop in the actual class. The questions students frequently ask in class, for example, may help him or her understand what they find difficult. 
Beliefs about Knowledge of Students’ Thinking 
Fatma believed that “it is very important that a teacher is aware of how his/her students think about a topic and what kind of difficulties they have about it.” If the teacher has such awareness, s/he can know how to teach the subject or the concept. Nevertheless, she thought that it is quite difficult to understand how the students think, because they cannot express clearly their ways of mathematical thinking. Therefore, she pointed out that she has difficulty in understanding the way students think. She said, sometimes she has the students come to the board and ask them to elaborate what exactly they did not understand. She explained that sometimes she spends 10-15 minutes of class time trying to find out the problem of a single student. Yet, she generally finds it difficult to pinpoint the areas of difficulty for students.  
Ali also highlighted the importance of a teacher’s knowing the way students think about a certain subject or the difficulties they experience studying this subject. If the teacher has such awareness, s/he can better explain the subject, make the concept more concrete, or have the students solve additional questions. Ali thought that “it is up to the students whether a teacher knows his/her students’ way of thinking or not.” Indeed, if the students raise questions during class, the teacher can see what they have or they have not understood. He said that he perceives the students’ perspectives or what they could or could not learn “from the questions they ask.” Especially when the same question is asked by different students, he accepts that the students have problems with that subject. When this is the case, he gives further examples about that content and tries to explain it again making it concrete. When students do not ask questions, he just explains the content and proceeds to the next topic. For him, “another way of following how the students think and how much they have learned is looking at the exam results.” If most students have responded to certain items incorrectly, then it means there is a problem. When this happens, he solves these questions after the exam in the class, or devotes 10-15 minutes of class time to explain the topic again. 
Beliefs about Approaches to Assigning and Grading Homework
Fatma stated that she assigns homework from the course book. For her, the purpose of assigning homework is twofold: “to make students take on responsibility and to have them revise what they have learned in class.” She does not apply any restriction when assigning homework; the students are supposed to do the questions that are related to the content covered in the class so far including the things done on that day. She, however, thought that only a minority of students do homework. She said she checks homework during the first few weeks, but later she does not do so even if she believes in the necessity of it. When doing homework check, she looks at whether students did their homework or not. Because it will be too time-consuming, she does not check the accuracy of the answers. She asks the students which questions they could not do, and solve these questions himself on the board.
Ali said he assigns some activities in the book as homework. His aim is to have students open their books at home and study, rather than identify how much they have learned. When selecting the homework material, he prefers the ones that are relatively easy for students. He prefers to solve the questions that are likely to be difficult himself in class. He usually assigns 5 to 10 questions. He never assigns more than ten questions. To make the students take homework seriously, he chooses some exam questions from among these. He checks homework. However, for him, it does not really matter whether students do homework or not. All that matters are the accuracy of the results the students have found and which questions they have generally failed to do. 
Beliefs about Planning for Instruction
Fatma pointed out that she made lesson plans regularly in the first ten years of her teaching profession. However, once she had gained enough experience, she quit making lesson plans. Now she only makes yearly lesson plans, rather than daily lesson plans. For her, making lesson plans is important. When a teacher makes a lesson plan, it is unlikely that s/he accidentally skips any point. For her, however, “a lesson plan only means transferring the things in one’s mind onto paper. What is essentially important is that a teacher should exactly know what s/he will cover in class.” 
She stated that “a lesson plan should include the related definitions and questions to be solved.” Yet, she decides how a class should develop according to the students, rather than the lesson plan. She decides to move on or not according to how much the students have grasped the topic. For example, sometimes she plans to solve some problems in the class, but does not actually do it because of the students. Sometimes she solves extra questions when students have difficulty understanding a topic. Or sometimes she does not mention a detail about a topic though she was planning to do so, thinking that it might be confusing for students. Sometimes she does the contrary; she mentions a relevant detail thinking that the students need it.    
Ali stated that “the course contents are outlined in the annual plans. If teachers feel incompetent about content, they should make daily lesson plans. Otherwise, there is no need to make lesson plans.” He himself generally does not make lesson plans. He plans what to do and which questions to solve in mind. For him, the course book explains the topics anyway, so he does complementary activities for the topics that are not thoroughly understood. However, when he feels incompetent about a certain topic, he makes lesson plans. His lesson plans include “the questions that are to be solved in the class and some practical rules.” Leaving from the idea that the aim of the course is to prepare students for exams, he mostly gives place to possible exam questions in his lesson plans. Besides, he spends some time, little as it is, giving examples from daily life, if possible. For example, when he explains ‘derivation’, he gives examples from ‘tension’ at bridges. He usually implements his classes as he has planned. Nevertheless, the questions students ask can change the general flow. 
DISCUSSION AND CONCLUSION
This study examined secondary school mathematics teachers’ beliefs about knowledge of teaching and its impact on their instructional practices. The study followed An et al.’s (2006) framework and categorized teachers’ beliefs into four main aspects: goals of education, primary focus on teaching mathematics, importance of teachers’ knowledge, and planning for instruction. The study focused on teachers’ beliefs about knowledge of teaching, and therefore explored certain components of these four aspects: i.e., beliefs about mathematics education, about teacher knowledge, about knowledge of students’ thinking, about approaches to assigning and grading homework, and about planning for instruction. The study found that the teachers’ beliefs had an impact on their teaching practices, as has been documented in previous studies of teachers (e.g., Barkatsas & Malone, 2005; Speer, 2008; Wilkins, 2008). Ali believed that the goal of mathematics education was to develop students’ procedural skills; whereas Fatma believed that the key aim of the mathematics education should be enhancing students’ logical and critical thinking skills, as well as procedural skills. In their teaching practices, Ali mostly focused on the procedural aspects of functions. His main goal was to teach students doing operations regarding functions, such as finding the range set of an algebraic function the domain of which is given or evaluating algebraic functions for specific points. Unlike Ali, Fatma was trying to achieve students’ both conceptual understanding and procedural development in relation to functions. She was giving different examples, using analogies, and posing different levels of questions to promote students’ ability to think (for more detail, see Hatisaru & Erbas, 2017). 
Results revealed, especially for Fatma, it was very important for mathematics teachers to have a profound knowledge of mathematics to be able to explain the reasons of facts, rules, or procedures. Unlike Ali who mostly solved questions on functions, in her instruction, she usually used analogies, provided more detailed and diverse explanations, and made connections among concepts (e.g., between the concept of relation and function). Fatma indicated that teachers can enhance their knowledge through in-service training seminars, which she finds limited to the field of education. Like Ali, therefore, she thought that mathematics teachers can gain knowledge from independent studies, such as using books and/or solving questions. 
Teachers’ approaches for professional development may vary in different cultures. An et al. (2006) reported that most of their participating teachers in the U.S. enhance their knowledge through in-service trainings and workshops or from independent studies, and some of them gain knowledge from college study or sharing with colleagues. As to the participating teachers in China, most of them develop their knowledge from independent studies or continuing education in college, and some of them improve by sharing with colleagues or observing each other’s instructions. In Turkey, among teachers, there is not a culture of observing each other’s classes or sharing. The Ministry of National Education provides in-service training seminars to teachers, but like Fatma indicated, these seminars are limited to specific areas. The 2017-2023 Teacher Strategy Document, published by the Directorate of Teacher Education and Development, supports this result. One of the themes of this strategy document is continuing professional development. The document addresses enhancing the quality of teacher development activities and states that more and varied trainings should be organized by taking teachers’ individual needs into account to ensure continuity of teachers’ personal and professional development.
Related studies reveal that having the knowledge of students’ thinking is essential for planning and teaching (e.g., Even & Tirosh, 2002; Hiebert et al., 2007). It is believed that such knowledge significantly contributes to the teachers’ instruction (Even & Tirosh, 2002; Fennema & Franke, 1992) and influences what students learn from the instruction (Fennema & Franke, 1992; Hatisaru & Erbas, 2017). Results of this study showed the participating teachers believe the importance of teachers’ understanding the way students think about a certain mathematics subject or the difficulties they experience with it. Ali said he gauges students’ thinking from their questions, whereas Fatma knows from students’ explanations. In their lesson implementations, Ali was covering the related concept and proceeding to the next one, each time by asking students whether they have any questions or not to check their understanding. However, his students’ participation was mostly limited to passive listening and taking notes. To gauge the students’ thinking, Fatma was dwelling on the concepts through questions, but the disinterest and misbehaviours of some students disrupted the discussion environment many times. When it happened, she covered the respective content superficially. Consequently, in many times, the students missed to learn important things, and Fatma missed the opportunities to drive fruitful discussions to understand students’ weaknesses regarding functions. (See Hatisaru and Erbas (2017) for a detailed argument for the teachers’ classroom practices).
Both the interview and classroom observation results showed that the participating teachers do not believe the necessity of making written lesson plans. Fatma considered students’ needs as the basis of lesson implementation, whereas Ali thought course books. Ali mostly followed the course book in his instruction. Unlike most of the Chinese teachers in An et al.’s (2006) study who understand students’ thinking by checking students’ homework, in this study, the teachers’ purpose of assigning and checking homework was to review and practice. If applicable, the teachers graded students’ homework by completion. The teachers reported that most of the students in both classes however typically did not do their homework. The teachers therefore did not assign homework in general. As stated in the methodology section, students in both teachers’ classes were low achievers in mathematics. Most of them were also not engaged in and motivated to learning mathematics. These attitudes did not help them to progress in learning mathematics and neither did it help the teachers to enhance their learning. These results revealed that the teachers’ beliefs had an impact on their instruction, but other factors including classroom situation (Barkatsas & Malone, 2005), the social context (Ernest, 1989; Mansour, 2009), and the students in the context of this study could affect their teaching practices to a greater extent than their beliefs. 
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Appendix
Table 1: The interview questions. 
Beliefs about mathematics education  	1. What is the goal of mathematics education from your point of view? 2. Do you think the goal of mathematics education in technical and industrial vocational high schools is different from other schools? How?3. What sort of mathematics education do the students in technical and industrial vocational high schools need? 
Beliefs about teacher knowledge 	4. What types of professional knowledge should a teacher of mathematics have? 5. How important is it for teachers to have this knowledge? 6. How do the teachers continue to enhance their professional knowledge?
Knowledge of students’ thinking 	7. In what way is it important for a teacher to know how his students approach and understand a particular mathematical content?8. How does the teacher know about his students’ thinking and understanding of this particular content?9. How do you know about your students’ thinking and understanding of this particular content?10. Do the results of assessment affect your teaching? 11. If yes, how do you reflect your assessment about students’ cognition in your teaching? 
Teachers’ approach to assigning and grading homework	12. Do you assign homework to your students? (If yes) How often? 13. How do you decide what problems to assign to students?14. How many problems do you assign to your students each time?15. What is the purpose of assigning homework to your students? 16. Is it important that your students do homework? Why? 17. Do you grade your students’ homework? (If yes) How?18. How do you deal with mistakes in students’ homework?
Planning for instruction	19. How do you plan your instruction? Do you write a lesson plan weekly or daily?20. What is the focus of your lesson plan?21. How important is it for you to follow your lesson plan?22. Is there any class in which you do not stick to your plan?23. If yes, would you give some examples of when you turn out different from your initial plan? 
Note: The interview questions are adapted from An (2000).
















